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estimator, linear truncated spline,  component. Meanwhile, the unknown relationship between the

kernel, multivariable response variable with another predictor variable can be
approached by using nonparametric curve called nonparametric
component. If the predictor variable in nonparametric
component is more than one, then it can be approached by using
a different nonparametric curve named combined or mixed
estimator. In this research, nonparametric component is
approached using mixed estimator of multivariable linear
truncated spline and multivariable kernel. The objective of this
research is to estimate the model of semiparametric regression
curve with mixed estimator of multivariable truncated spline
and multivariable kernel. Estimation of this mixed model using
ordinary least square method.

1. INTRODUCTION

Regression analysis is the statistical method that is used to estimate the relationship
pattern of the predictor variables and response variables. The main purpose of the regression
analysis is to find out the estimated regression curve. The approaches which are generally
applied to estimate the regression curve are parametric regression and nonparametric
regression. Parametric regression is used when the regression curve is known whilst the
nonparametric regression is used if the regression curve is unknown (Barry & Hardle, 1993).
Meanwhile, there are some cases in regression analysis where there are both parametric and
nonparametric components. Regression model which contains these two components is
called semiparametric regression (Ruppert et al., 2003).

Semiparametric regression model which is developed by the scientists so far uses the
same estimation for some or even all of its predictor variable. This is due to the assumption
that the pattern of each predictor is considered to have the same pattern so researchers use
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only one form of estimator model for all predictor variables. Meanwhile, the reality is often
encountered cases with different data patterns of each predictor variable. Therefore, to
overcome these problems some researchers have developed mixed estimator of
nonparametric regression curve such that each pattern of the data in nonparametric
regression model is approached by the estimator curves corresponding to the data pattern.

Previous research that uses mixed estimator have been conducted by (Wayan
Sudiarsa et al., 2015), (Nurcahayani et al., 2021), (Nisa’ & Budiantara, 2020), which used
mixed estimator of truncated spline and Fourier series, and (Mariati et al., 2020) using mixed
estimator of smoothing spline and Fourier series. The mixed estimator of kernel and Fourier
series has been conducted by (Afifah et al., 2017) and (Nisa et al., 2017). Meanwhile,
previous research that use mixed estimator of spline and kernel have been conducted by
(Ratnasari et al., 2016), (Budiantara et al., 2015), (Rismal et al., 2016), and (Hidayat et al.,
2020) only involve a mixed estimator in nonparametric regression. There has been no
research involving the mixed estimator on the semiparametric regression. Therefore, this
research uses a mixed model of multivariable linear truncated spline and multivariable kernel
on semiparametric regression. So, the objective of this research is to estimate the model of
semiparametric regression with mixed estimator of multivariable truncated spline and
multivariable kernel.

2. LITERATURE REVIEW
2.1. Parametric, Nonparametric, and Semiparametric Regression

Regression Analysis is a statistical method that explains the relationship pattern
between an explanatory variable X and a response variable Y. Given a paired data (x;,y;),
i =1,2,...,n, which the relationship pattern can be expressed in the regression model as
follows (Barry & Hardle, 1993).

yi=f(x) +g @

with y; is the response variable, f(x;) is regression function, and ¢; is an independent random
error, distributed normally with zero mean and 42 variance.

Parametric regression is used if the shape of the £ (x;) curve in Equation (1) is known,
which means that the pattern of the relationship between the predictor variable and the
response variable is known. Meanwhile, nonparametric regression is used if the shape of the
f(x;) curve in Equation (1) is unknown (Barry & Hardle, 1993). If regression model consists
both of parametric components and nonparametric components, then it is called
semiparametric  regression  (Ruppert et al., 2003). Given paired data
(xi,u3, v, yi), i = 1,2, ..., n, that are assumed to follow the model of semiparametric regression
in the Equation (2).

yi = fx) + g(w) + h(v) + ¢ )

with y; is the response variable, the f(x;) curve is a parametric component, the g(u;) and
h(v;) are nonparametric components, ¢ is an independent random error, distributed
normally with zero mean and o2 variance.

2.2. Linear Parametric Regression

Given a paired data (x;,y;), i = 1,2, ..., n, that have a relationship pattern expressed in
the regression model in the Equation (1). Regression curve f(x;) is assumed approached
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using linear parametric regression. (Ellis et al., 1968) defined the linear form of parametric
regression as written in the Equation (3).

f(x) = Bo + Bixip + Baxiz + -+ BpXip 3)
with B, is a constant and g,,p,,..,8, are coefficient of the predictor variables,
Xi1, Xiz, -, Xipp @re the predictor variables.

2.3. Truncated Spline Linear and Kernel

Given a paired data (x;, u;, viy;), i = 1,2, ..., n, which the relationship pattern expressed
in regression model in Equation (2). Regression curve g(u;) is assumed to be approached
using linear truncated spline function. (Barry & Hardle, 1993) defined linear truncated spline
function as a random function which can be expressed in the Equation (4).

m
9 = Oy + ) s — Ko, @
=1
with
_ (= Ky w = Ky
(ui Kk)+ - { O;U,l' < Kk

where 6,4, 14, 15, ..., 1,,, are unknown parameters, Kj, is Knot-k, k = 1,2, ...,m, and
Kl < KZ < b < Km.

Regression curve h(v;) is assumed to be approached using kernel function. To
estimate the regression curve h(v;) in nonparametric regression model, Nadaraya and
Watson, at (Barry & Hardle, 1993) define kernel regression estimator that called Nadaraya-
Watson estimator as written in the Equation (5).

he(v)) =n~! Z Wei(vy)y; (5)
=1
with

L5

n Bk ()

Wej(vy) =

Kernel estimator depends on the kernel function K and bandwidth parameter «. One
of the several types of kernel functions is a Gaussian kernel. (Barry & Hardle, 1993) define
the form of Gaussian kernel as written in the Equation (6).

Kx)=——e 2, —0o<x<o (6)

3. METHODOLOGY
3.1. Research Method

Steps to get parameter estimator of semiparametric regression curve with mixed
estimator of multivariable linear truncated spline and multivariable kernel as follows:
a. Determine the semiparametric model,
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b. Determine whether the semiparametric model be combined or mixed model;

c. Determine the parametric component (linear parametric curve) and nonparametric
component (linear truncated spline and kernel curve);

d. Find the matrix form of semiparametric model,

e. Find the estimator of semiparametric regression curve by ordinary least square method as
follows:
1. Determine the error equation of the model,;
2. Determine the sum square of error;
3. Find the first partial derivative of sum square of error;
4. Equalizing the first derivative of sum square of error to zero;

f. Getting the estimator of semiparametric regression curve with mixed estimator of
multivariable linear truncated spline and multivariable kernel.

4. RESULT
4.1. Estimation of Semiparametric Regression Curve with Mixed Estimator of
Multivariable Linear Truncated Spline and Multivariable Kernel

Given a paired data (x;,us;,Upj, s Up, V1i) Vot ooy Vi Vi), © = 1,2,...,n Which is
assumed to follow the semiparametric regression model with multivariable nonparametric
component which is given by Equation (7).

Vi = u(xp, Usg, Upgy -y Upiy V1 V2 s Vgi) T & (7

If y; is assumed to follow the mixed model, then it can be written as Equation (8).

p q
yi=FOD+ Y g + Y ho(we) + & ®)

with y; is the response variable, f(x;) curve, i = 1,2,...,n is assumed referring to linear patter
(parametric component), g, (u,;) curves, r = 1,2,...,p and hs(vg) curves, s =1,2,...,q are
assumed as nonparametric components. g,.(u,;) curve is assumed to be approached by using
linear truncated spline function, hg(v;) curve is assumed to be approached by using
Nadaraya-Watson Kernel function and ¢ is an independent random error, normally
distributed with zero mean and o2 variance. To get the estimation of semiparametric
regression curve with mixed estimator of multivariable linear truncated spline and
multivariable kernel, given some of the following lemmas.

Lemma4.l Model of multivariable semiparametric regression is given in Equation (8).
If the f(x;) curve, i = 1,2,...,n is assumed to refer to a linear regression pattern, then:

fx) =Xp

with
f(x1) 1 x4 - X1p Bo
foo =/ x= | ‘ - lﬁ
f(xn) 1 xp o Xnp B
Proof. The f(x;) curve is assumed to refer to a linear pattern/linear parametric function in
Equation (3), so the model is obtained for i = 1 as follows:

f(x1) = Bo+ B1Bir + B2B12 + -+ + BpBip
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A similar way can be obtained for i = 2,3, ..., n, so the model for i = 1,2, ..., n is as follow:

f(xy) Bo + Brx11 + -+ Bpx1p
I (xz)‘ Bo + B1x21 + ot BpXap

f(xn) Po + P1xps + -+ .Bpxnp
Then can be written as:

f(x1) 1 %1 -
f(xn) 1 xm

So, we obtain the following model:

fx) =Xp =
Lemma4.2 Model of multivariable semiparametric regression is given in Equation (8).

if the g,-(u,;) curve, r = 1,2, ...,p is assumed approached by using linear truncated spline
function, then:

14
Z gr(uri) = G(E)é
r=1

with
P 9r(u) = g1(uy) + ga(ug) + -+ + 9p (upi)a
G(k)=[G(ky) Gky) .. G(kp)],
91
5=\
ép

Proof. The g, (u,;) curve is assumed to be approached by using linear truncated spline
function in Equation (4), then it can be written as:

gT(uTi) = Hrluri + Arl(uri - Kr1)+ +oet Arm(uri - Krm)+
with 64,14, 15, ..., 4,,, are unknown parameters.
Model is obtained for » = 1 as follows:

g1(uyy) = O1quq; + AUy — Ky g + o+ A Uy — Kim) 4
with i=1, 2,..., n, the model is:
g1(uq1) O11usg + A1 (uyg — Kyg) g + o+ A (ugg — K+
91(u12) _ |6z + A11(uiz — Ky + o+ Ay (Ugz — Ky +
g1(Ugy) O11uin + A (Ui — Ki) g + o+ A Uy — Kim) +
Then it can be written as:
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g1(uq1) Uy (U —Kpp) oo (W — K+ ][ 011
91 (u12) — | Y12 (w2 — K11) o (U2 = Kim)+ /1}1
U1in

91(U1n) (wn — K1) o (Wi — Ky 11 LA
Then we obtain the following model:
g1(uy) = G(k1)§1

Similarly, it can be obtained for r = 2 until for r = p, so for multivariabel linear truncated
spline with » = 1,2, ..., p we obtain the model as follow:

p %

D0 = [6Gk) 6k . 6(k,)]|%

r=1 ép

4

> 9:ur) = 6(R)0 -

Lemma4.3 Model of multivariable semiparametric regression is given in Equation (8).
If the hy(vy;) curve, s = 1,2, ...q is assumed to be approached by using kernel, then:

q
> hs(v) = D@y

with

B q q q §
R Waa () 17 Woao () o 07 W (00)
k=1 k=1 k=1

q q q
D@ = |17 D) Waga @) 107D Woo(@2) o 171 ) Wogn(02)
k=1 k=1 k=1

a : a : . . :
n_l Z Wakl(vn) n_l Z Wakz(vn) n_1 Z Wakn (Un)
- k=1 k=1 k=1 -

and
lY1
~ _|Y2
Y=1:
Yn

Proof. The hg(vg;) curve is assumed to be approached by using kernel function in the
Equation (5), then can be written as follow:

n
ha, 00 =171 > W, (v,
j=1
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Model is obtained for s = 1 as follows:

ey (0 —n-lz We,, (),

with i=1,2,...,n, model is obtained:
Eal (vl) n_lwall(vl)Y1 + n_lwalz(vl)yz + n_IWaln(vl)Yn
Eal (UZ) — n_IWall(vz)yl + n_IWalz(vz)YZ +-t n_lwaln(vz))’n
ﬁa1 (Vn) ln_lwall(vn)yl + n_lwalz(vn)yz + -+ n_lwaln(vn)ynj

Then can be written as:

[hal(vl)] [n_lwall(vl) n_lwalz(vl) n_lwaln(vl) V1
|hal<v2)| W W (0) T Wap ) 1 W ()| |2
ColT il
[hal(vn)J 1wa11(vn) n 1Walz(vn> o T W () [ D

Then obtained the following model:
h, ) =D(@)y

Similarly, can be obtained for s = 2 until for s = g, so for multivariabel kernel with
s =1,2,...,q obtained the model as follows:

Es(vs) = D(al)y + D(az)y’ + et D(aq)y

iis(vs) = D(a&)y u

q
>
Based on Lemma 4.1, Lemma 4.2, and Lemma 4.3 we obtained the following

theorem.

Theorem 4.1 Given a paired data (x;, uy;, Uz, .., Upi) V1) Vaiy s Vgin i), © = 1,2, ..., n Which
are assumed to follow the mixed model:

Vi = ,u(xl-,uli,uZi, o Upiy V1i) V2is ...,vqi) + &

4 q
= FED+ ) grw) + ) hy(ve) + &

If the f(x;) curve, i =1,2,..,n is assumed to be approached by using linear parametric
function, the g, (u,;) curve, r =1,2,..,p is assumed to be approached by using linear
truncated spline function, and the h(vg;) curve, s = 1,2, ...q is assumed to be approached by
using kernel, then:

a. Semiparametric regression curve estimator for linear parametric component as follows:

f(x) = R(k, @)y
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with
R(5.2) = X[ - o6 ®) (60 6() 6@y

[(XTX)‘le(I —D(®) — (XTX)"x7G(k) (G(E)TG(E))_l G(k)' (1-D(@))

b. Semiparametric regression curve estimator for multivariable linear truncated spline as
follows:

g = S(k. @)y
with S(k, @) as follow

G(k) ll = (G(E)Ta(k))_l G(E)TX(XTX)‘lXTG(E)l_l

(60)'6®) " 6 (1~ p@) - (6(8) () 6(A) X" x"(1 - D(@)

c. Semiparametric regression curve estimator for the mixed of multivariable linear
truncated spline and multivariable kernel as follows:

falx,u,v) = T(E, d)y
with
T(k,&) = R(k, @) + S(k, @) + D(&)

Proof. The model of semiparametric regression which contains multivariable nonparametric
components is given in Equation (8). Because the f(x;) curve, i = 1,2, ...,n is assumed to be
approached by using linear parametric function, the g, (u,;) curve, r = 1,2,...,p is assumed
to be approached by using linear truncated spline function, and the hy(vy;) curve, s = 1,2, ...q
is assumed approached by using kernel, then the model can be written as:

y=XB+G(k)+ D@7y +¢
From model above, can be obtained:

E=95—-XB+G(k)d + D@y
Then the error can be written as follow:

E=(U-D@)y—-XB—6G(k)o

The estimator of the model was obtained by using Ordinary Least Square (OLS) method.
After completing optimization, then the error be:

£78 =37 (1-D@)) (I-D(@)y — 287X"(I - D(@))y
—2076(k) (I- D(@)y + fTXTXG
+2fTX76(R)8 + 876(k) 6(k)E

For example, the error is M(B,8), M(p,6) can be written as follow:
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M(3,6) =37 (I - D(@)" (I - D(@)y — 257X"(1 — D(@))y
—207G(k) (1 - D(@)y + FTXTXE
+2fTX76(k)8 + 876(k) G(k)D
Then optimize M(,8) using the partial derivative to g and 8, partial derivative to f is
obtained:

aM(g[; ) _ 0—2X"(I-D(&)y +2X"XF + 2f7X"G(k)D
Meanwhile, a partial derivative to 9 is obtained:
aMgg ) _ = 0-26(k) (I-D(@®)y + 26(k) X + 26(k) G(k)d

Then equalizing the first derivative of sum square of error with zero, for § obtained:
B =X X)X"(I- D(@)y — (X"X)"X"G(k)d

Meanwhile, equalizing the first derivative of sum square of error with zero for 4 is obtained:
2 T oo\ L oNT N\ ~ T oo\ LT~
i=(6®6(®) ® (1-p@)y-(6(0) 6¢(E) 6(K) X7

Then substitute 4 into B’ followed by calculation the estimator ofﬁ is obtained:
. ~ . R -1
§= [1 - a6 (R) (6(6) 6(B)) G(k)TXl

[(XTX)‘lXT(I —-D(&)) — (X"X)"X7G(k) (G(E)TG(E))_l G(k)' (I1-p@)|y

Based on £, the estimator of semiparametric regression curve for linear parametric
component is obtained:

fox)=xp
feo=x ll—(XTX) 1XTG(k)(G(k) G(k) G l

y

XTX)XT(I-D(@) — (XTX)~ 1XTG(k)< G(k) ) G(k) (1 —D(a))l

f(x) = R(k, @)7
Then substitution of 3 into 8, followed by calculation so the estimator of 4 is obtained:

=

5_ l’ ~ (G(E)TG(IE))_l G(E)TX(xTX)-leG(E)l_l

[(a(k)Ta(%))‘l 6(R)' (1 - D(@) - (6(B) 6())  6(R) XX X)~1x"(1 - D@)] y

Based on 6 the estimator of semiparametric regression curve for multivariable linear
truncated spline component is obtained:
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§w) = 6(k)8
g(u) can be written as

(k) [1 = (G(E)TG(E))_l G(E)TX(XTX)‘lXTG(E)l_l

l(a(i&)Tc(fc))_l (k)" (1- D(@)) - (G(E)TG(I}')>_1 (k)" X(XTX)"X" (1 - D(@))| 7

gw) = S(k, &)y
So, the estimator of semiparametric regression curve for the mixed of multivariable linear
truncated spline and multivariable kernel could be written in these three following terms:

fiCou,v) = f() + () + h(v)
iCewv) = (R(k, @) + S(k,@) + D(@) 7
fi(x,u,v) = T(k @)y [

5. CONCLUSION

The semiparametric model in this paper consists of two components which are
parametric component and nonparametric component. Parametric component is approached
using linear parametric function. Meanwhile, the nonparametric component is approached
using mixed of multivariable linear truncated spline function and multivariable kernel
function. Given a paired data (x;, u1;, Upg, ..., Upi, Va1, Vai -, Vgin ¥;) Which are assumed to
follow the mixed model:

Vi = u(xi,uli,uZi, ey Upjy V1i, V24, ...,vqi) + &;

4 q
= FED+ ) grw) + ) ko) + &
r=1 s=1

If the f(x,) curve, i = 1,2,...,n is approached referring to linear pattern, the g, (u,;)
curve, r = 1,2,...,p is assumed to be approached by using linear truncated spline function,
and the hy(vy;) curve, s = 1,2, ...q is assumed to be approached by using kernel function. The
following model was obtained:

y=XB+G(k)o+D(@)y+¢&

The estimator is found by using ordinary least square method. Semiparametric regression
curve estimator for linear parametric component as follows:

f(x) =R(k,a)y
Semiparametric regression curve estimator for multivariable linear truncated spline as
follow:

Jw = 6(k)e
Semiparametric regression curve estimator for the mixed of multivariable linear truncated
spline and multivariable kernel as follow:
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fa(x,u,v) = T(fc, d)ff
with

T(k,&) = R(k, @) + S(k, &) + D(&)
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